Worksheet 8 Name:
Week 8: 2024-10-15

Math 294: Fall 2024

Instructor: Theo Sandstrom

Let’s keep plugging along with functions! I've also thrown some induction problems in here too,
another proof technique to add to your toolbox.

Eugenia Cheng (1976-) is a British mathematician and concert pianist who, beyond her notable
research in category theory, has made a career as a popularizer of mathematics. After teaching
at both the University of Cambridge and the University of Chicago, she took up a position as
scientist-in-residence at the School of the Art Institute of Chicago.

In her book How to Bake Pi, she presents an approachable view of category theory, via analogies
to baking. “Math is about taking ingredients, putting them together, seeing what you can make
out of them, and then deciding whether it’s tasty or not.” Dr. Cheng insists that the public has
it all wrong about math being difficult, something that only the gifted mathletes among us can
do. To the contrary, she says, math exists to make life smoother, to solve those problems that
can be solved by applying math’s most powerful tool: logic.

Problem 1. A function f : X — Y is called injective if, for any x, 2’ € X, if f(z) = f(2')
then x = 2/ (Note: some people call these functions one-to-one, for reasons I cannot fathom. I
will not use this terminology, because it is confusing). For each of the following, identify (with
justification) whether they are injective.

(a) f:R — R given by f(z) = 3z + 2.

(b) g:Z — R given by g(n) = €".
(c) h:R — R given by h(z) = 22 + 3.
)

(d) F:[0,7] - R given by F(#) = cos#.




Problem 2. A function f: X — Y is called surjective if, for each y € Y, there exists some
x € X such that f(z) =y (Note: those same folks who call injective functions one-to-one call
surjective functions onto). For each of the functions in the previous problem, identify (with
justification) whether they are surjective.

Problem 3. Let f: X > Y and g : Y — Z be two functions. We denote by g o f the
composition X — Z given by (go f)(z) = g(f(z)).

(a) If f and g are both injections, is it always true that g o f is an injection? If so, are both
conditions necessary? l.e., can you give an example where f is not injective, but the
composition g o f is? What about where g is not injective, but the composition is?

(b) If f and g are both surjections, is it always true that go f is a surjection? As in the previous
problem, are both conditions necessary?

Problem 4. A function which is both injective and surjective is called bijective. Give examples
of bijections between the following sets, or argue that no such bijection exists:

(a) {1,2,3} — {1,2,3}. (A bijection from a set to itself is sometimes called a permutation.
Challenge: given a finite set A with n elements, how many distinct permutations of A
exist?)

(b) {1,2,3} - {A,B,C,D}.
(c) Z - Q.
(d) Z - R.



Problem 5. For every set A, we have an identity function ids : A — A defined by ida(a) = a.
Given a function f: X — Y, we say that g : Y — X is a left-inverse for f if go f = idx. Similarly,
g is a right-inverse for f if f o g = idy, and g is a plain old inverse for f if it is both a left- and a
right-inverse.

(a) Prove that f is injective if and only if it admits a left-inverse.

(b) Prove that f is surjective if and only if it admits a right-inverse.

(c) Conclude that f is bijective if and only if it admits an inverse.

Problem 6. Given a finite set A, the cardinality of A, which I denote by #A, is the number of
elements of A. Show that, given finite sets A and B, there exists a bijection A — B if and only if

#A = #B.

Problem 7 (Challenge). Let f: X — Y be a function, and suppose that g : ¥ — X is a
left-inverse and h : Y — X is a right-inverse. Prove that g = h. (Easier case: assume X and Y
are finite.)

Problem 8.  Consider the function f : Z-o — Z defined by f(n) = ”35”. Verify that f is a
well-defined function (what must you check?) and show that it is injective.




Problem 9. Below is a proof that every student in MATH 294 has the same name. Obviously
this is false. Find the error.

Proceed by induction on the number of students. If there is only one student, then it is certainly
true that every student has the same name (there is only one name). Now assume that the claim
is true for every number of students less than n, and suppose that there are n + 1 students in the
class. Line the students up in a random order. If you look at the first n of them, then they all
must have the same name by the inductive hypothesis. Similarly, the last n of them must have the
same name. But then all of the students have the same name.

Problem 10. In calculus, you have learned the product rule or Leibniz rule, which states that
given differentiable functions f,g: R — R,
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Using this formula, prove the power rule; that is
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