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Let’s keep diving into sets! We’ll start out with some practice on the notion of a “power set”, and
then we’ll get into some of the basic set-theoretic foundations for mathematics. This stuff is pretty
weird! As always, work together, and ask lots of questions, both of each other, and of me!

“It matters little who first arrives at an idea, rather what is significant is how far that idea can
go.” —Sophie Germain

Sophie Germain (1776–1831) was a French mathematician, renowned for her pioneering contribu-
tions to elasticity theory. She developed a deep passion for mathematics by studying the works
of Archimedes through Euler, which she encountered in her parents’ library. To access more
mathematical texts, she even taught herself foreign languages, including Latin and Greek.

Despite her enthusiasm, Germain faced opposition from her parents, who were deeply upset by
her unconventional interests. At the time, it was far from acceptable for a woman to pursue
such studies. As Lynn Osen notes in her book Women in Mathematics:

“Her family firmly and stubbornly opposed her decision, but her determination was only strengthened
by the vehemence of their opposition... They denied her light and heat for her bedroom and
confiscated her clothing after she retired at night in order to force her to sleep... but after her
parents were in bed, she would wrap herself in quilts, take out a store of hidden candles, and
work at her books all night. After finding her asleep at her desk in the morning, the ink frozen in
the ink horn and her slate covered with calculations, her parents finally [allowed] Sophie to study
and use her genius as she wished... and Sophie, still without a tutor, spent the years of the Reign
of Terror studying differential calculus.”

In 1804, under the pseudonym Monsieur Le Blanc, Germain wrote to Carl Friedrich Gauss, one
of the most brilliant mathematicians of his time—and perhaps of all time. In her letter, she
proposed a new approach to Fermat’s Last Theorem, a significant and unsolved problem in
number theory. Gauss, known for his pride and aloofness, was unexpectedly impressed by “Le
Blanc’s” work. When an acquaintance of Germain revealed her true identity to Gauss, she wrote
to him to express both her gratitude and an apology for the deception. In his response, Gauss
wrote:

“But how to describe to you my admiration and astonishment at seeing my esteemed correspondent
Monsieur Le Blanc metamorphose himself into this illustrious personage who gives such a brilliant
example of what I would find it difficult to believe. A taste for the abstract sciences in general and
above all the mysteries of numbers is excessively rare: one is not astonished at it: the enchanting
charms of this sublime science reveal only to those who have the courage to go deeply into it.
But when a person of the sex which, according to our customs and prejudices, must encounter
infinitely more difficulties than men to familiarize herself with these thorny researches, succeeds
nevertheless in surmounting these obstacles and penetrating the most obscure parts of them,
then without doubt she must have the noblest courage, quite extraordinary talents and superior
genius. Indeed nothing could prove to me in so flattering and less equivocal manner that the



attractions of this science, which has enriched my life with so many joys, are not chimerical,
than the predilection with which you have honored it.”

Given a set X, the power set of X, denoted by PpXq is the set containing all subsets of X: that is,
PpXq “ tA | A Ď Xu.

Problem 1. Find the power sets of each of the following sets:

(a) t1, 2u

(b) ta, b, cu

(c) t∅u

Problem 2. Supposing that t1u P PpXq, is it necessarily the case that 1 P X? That t1u P X?

Problem 3. Prove that, for any sets X and Y , PpXq Y PpY q Ď PpX Y Y q. When can this
containment be replaced with the equality PpXq Y PpY q “ PpX Y Y q?



Problem 4. Is it true that for all sets X and Y , PpXq X PpY q “ PpX X Y q? Justify your
answer with proof.

Problem 5. Suppose that X is a finite set containing exactly n elements. How many elements
does PpXq have? Justify your answer with proof.



The remaining problems are focused on outlining the basic definition of the natural numbers in
terms of set-theoretic foundations. The idea is that you are given a very limited set of tools—say,
the empty set, unions/intersections, and the ability to use brackets to write down sets—and these
are the only mathematical objects at your disposal. How can you build a theory of numbers and
arithmetic from scratch?

Problem 6. How many elements does ∅ have?

Problem 7. For any set X define the successor of X, which we denote by X`, to be
X` “ X Y tXu. How many elements does ∅` have? What about ∅``?

Denote by X`n the result of applying the p´q` operation n times. How many elements does ∅`n

have?

Problem 8. Let X be a set, whose elements are all sets. We call X transitive if, for every
A P X, it is also true that A Ď X. (This is very strange!) Prove that if X is transitive, then X`

is transitive.

Problem 9. Let ω denote the set t∅,∅`,∅``, . . . ,∅`n, . . . u. Prove that ω is transitive.


