
Worksheet 2 Name:
Week 2: 2024-09-03
Math 294: Fall 2024
Instructor: Theo Sandstrom

These problems are to be completed in class on Tuesday and Thursday. Work in groups! And come
to office hours if you have further questions! They’re great!

“Insight. Originality. Inspiration. New perspectives. Opening your mind. Finding a different way.
Playing around. That is mathematics. There is a myth that mathematics is about memorization,
technicalities, formulas and equations–there is only one correct answer. This picture utterly fails
to describe the creative process that is professional mathematics.

Prof. Melanie Wood (b. 1981) is a number theorist at Harvard University. While in high school
in Indianapolis, she was the first female American to make the US team for the International
Mathematical Olympiad. At Duke, she won a Gates Cambridge Scholarship, and was named a
Putnam Fellow.

“Numbers and their properties are one of the most ancient and universal interests of humanity.
Yet numbers hold more secrets that we are still working to reveal. Unlocking these mysteries
requires new perspectives and often happens when we discover surprising connections between
different parts of mathematics.”

Much of Wood’s research has leveraged tools from arithmetic statistics: applying probabilistic
methods to solve problems in number theory. For certain classes of problem, verifying that a
hypothesis is true in all cases (e.g. for every prime number) may be infeasible, but Wood has
found success studying how these number theoretic objects behave on average.

Problem 1. For each of the following, write an equivalent propositional logic statement that
does not make use of implications (ñ):

(a) pñ q

(b) pp^ qq ñ q

(c) ppñ qq ^ pq ñ pq



Problem 2.

(a) Give truth tables for the following propositional logic formulas:

(i) pp^ qq _ r

(ii) pp_ qq ñ r

(iii) ppñ qq ñ r

(iv) pñ pq ñ rq

(b) In each case, explain the steps you would take to prove a statement of the given form.

Problem 3. Give the negation of each of the above statements, applying De Morgan’s law as
appropriate.



Problem 4. Fontano’s is an Italian sandwich shop near campus. Let p mean “you get a bag of
chips and a drink for free from Fontano’s”, q mean “you buy a sandwich from Fontano’s”, r mean
“you buy a slice of pizza from Fontano’s”, and t mean “it’s a Tuesday.”

Express the meaning of the following propositional formula in plain English:

t^ pq _ rq ùñ p.

(Unfortunately, this is not a true statement.)

Problem 5. Consider the statement “The blue line will be delayed if it has snowed more than
one inch, and if the blue line is delayed, Theo will be late for his class.” Write this statement in
propositional logic, specifying the meaning of each variable.

Problem 6. Let p and q be propositional variables, and consider the statement pñ q. This
implication may be either true or false. For each of the following statements, must the truth value
be the same as the original statement? Must it be different? Is there enough information to tell
one way or the other?

(a)  pñ  q

(b) q ñ p

(c)  q ñ  p

(d) pñ  q

In each case, give a mathematical proof as well as an explanation in plain English.



Problem 7. Let n be a positive integer that divides 4. Prove that either n is even or n is a
perfect square. (Bonus: what numbers could we replace 4 in order for the conclusion to remain
true?)

Problem 8. Recall that a number x is called rational if there exist integers m and n so that
x “ m{n. Let x and y be rational numbers. Prove that if both x` y and x´ y are rational, then
x and y are rational.

Problem 9. Let x be a rational number, and a an irrational number. Is x ` a rational?
Irrational? Provide proof.



Problem 10. Let a and b be integers. Prove that if ab is even, then either a is even or b is
even.


